COMBINATORIAL EXPRESSION FOR UNIVERSAL VASSILIEV LINK INVARIANT 



SERGEY PIUNIKHIN 
Harvard University 

February 18 , 1993 

ABSTRACT 

The most general R-matrix type state sum model for link invariants is con- 
structed. It contains in itself all R-matrix invariants and is a generating function 
for "universal" Vassiliev link invariants. This expression is more simple than 
Kontsevich's expression for the same quantity, because it is defined combina- 
torially and does not contain any integrals, except for an expression for "the 
universal Drinfeld's associator" . 

1. INTRODUCTION 

Vassiliev knot invariants were invented [Val] , [Va2] in attempt to construct some 
natural basis in the space H° (Imbeddings: S 1 — > R 3 ) of all knot invariants, 
using natural stratification of discriminant set of nonimbeddings: S 1 — > R 3 
and a kind of infinite-dimensional Alexander duality. Although the question 
whether Vassiliev knot invariants can distinguish any two knots is still opened, 
this language is the most appropriate in studying classical knot and link in- 
variants. All known knot and link invariants: Alexander polynomial [Ro], [Co], 
Jones polynomial [Jol], Kauffman polynomial [Kal], [Ka2], HOMFLY polyno- 
mial [HOMFLY] and all their generalizations [Tul];[Tu2];[Rel];[RT] and Mi- 
nor's /x-invariants [Mil], [Mi2], which generalize Gauss linking number -can be 
incorporated into this scheme (see [BL], [Lil], [Li2], [BN5]). 

The space of Vassiliev knot invariants of fixed order n (factored through the 
space of invariants of order n-1) can be described pure combinatorially as a space 
of functions on the set of assignments of n pairs of points on S 1 subject to certain 
linear relations. These relations were first written in [BL], the fact, that this set 
of relations is complete was proved by Kontsevich [Kol], using explicit integral 
presentation of "universal" Vassiliev invariant /„ of order n, which takes values 
in a certain linear space F n generated by "Vassiliev diagrams". This space 
has also very nice description in terms of Feynman diagrams of perturbative 
Chern-Simons theory [BN1], [BN2], [BN3], [Kol]; the graded linear space F = 
® n F n admits Hopf algebra structure [Kol], [BN3] (Kontsevich Hopf algebra). 
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The space of primitive elements in this Hopf algebra is generated by connected 
Feynman diagrams [Pi2], [Ko2], [BN1]. 

The generating function / = X^Lo ^™^« °^ "universal order n" - Vassiliev 
invariants gives us the " universal" F- valued Vassiliev invariant (here h is formal 
parameter), where I n (K) is certain n-fold integral over the knot K (Kontsevich 
integral [Kol]). At the moment nobody is able to calculate explicitly I(K) for 
any non-trivial knot K. 

The aim of the present paper is to give more simple expression for this 
quantity, which can be calculated explicitly in all orders in h. , if one can 
calculate the universal Drinfcld's "associator" [Drl],[Dr2] . This expression 
models state sum expression [Rcl], [Tul], [Jo2] for knot polynomials P g y(q ±1 ) 
(here q = e h ) constructed from (semi)simple Lie algebra g and its irreducible 
representation V, after forgetting about g and V . Connection between P g y(q ±1 ) 
and Vassiliev knot invariants was found in [Lil] : If P g y(h)= ~^2™1q V P g y, n h n 
than P g y, n is Vassiliev invariant of order n. Explicit state sum expression for 
Pg,v,n G F n was deduced in [Pil], using results of [BN1], where the same quantity 
was derived from perturbative Chern-Simons theory [BN3], [AS], [GMM], [Ko3]. 
The generating function P g y(h)= J2™1q V P g y, n h n can be explicitly calculated 
as a state sum expression in terms of knot diagram [Rel], [Tul], [Jo2]. 

The question is, whether it is possible to forget about Lie algebra g and repre- 
sentation V and to write the "universal" state sum expression P = Xn™^ ^"-^n 
with values in Kontsevich Hopf algebra F and then, in order to obtain P g .v , 
apply Bar-Natan rules to P = Y^n^o* h n P n ;P £ F to obtain C-valued invariant 
Pg,v,n ■ Half of this program (forgetting about V but not about g) was accom- 
plished by Reshctikhin [Re2] where he constructed knot invariant P g £ Z(U(g)) 
belonging to the center of quantum universal enveloping algebra U (g). Here 
P g v — Try(P)- This construction also works for an arbitrary quasitriangular 
Hopf algebra [Dr3] instead of U(g) [Re2] and for arbitrary quasitriangular quasi- 
Hopf algebra [Drl]. The next stage is to forget about this quasi- Hopf algebra. 
There are two ways to do this. The first one is to forget about U(g) "in the 
integral expression for monodromy of Knizhnik-Zamolodchikov equation [KZ], 
[Kl], [TK]. This is the way how Kontsevich obtained his famous integral expres- 
sion for I [Kol]. The second way is to use "local" braid group representation 
B m -> {U{g)®C[h]) using Drinfcld's R-matrix R = <= (U(g)) ® C[h])® 2 and 
"associator" $ e (U(g)) <g> C[/i])® 3 [Drl], [Dr2] and then to forget about U(g). 
This way will give us the desired expression. 

The parer is organized as follows: 

In section 2 some preliminary definitions are given and "the universal prounipo- 
tent" braid group representation is constructed. 

In section 3 F- valued "Markov trace" in this representation is constructed 
and the fact that it is a generating function for "universal" Vassiliev link in- 
variants is proved. Multiplicative property of this "universal" invariant with 
respect to connected sums is proved . Generalization for string link invariants 
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is also given. 

In section 4 some discussions are made. 



2. PRELIMINARIES 

Following D.Bar-Natan, we shall call BN-diagram several directed circles (called 
Wilson loops) and certain finite number of dashed lines (called gauge propaga- 
tors). The propagators and Wilson lines are allowed to meet in two types of 
vertices: one type (called R 2 g- vertices) in which a propagator ends on one of the 
Wilson loops; and another (called g 3 -vertices) connecting three propagators. 
We assume, that one of two possible orders of gauge propagators meeting in any 
g 3 -vertex is specified. Each BN-diagram can be uniquely presented by isotopy 
type of plane diagrams such as in fig.l. 
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Here, as usual, we assume, that all four-valent vertices are fake, and the 
counterclockwise order in each g 3 -vertex is fixed. For instance, the orders of 
propagators on graphs in fig. 2a and fig. 2b arc different. 



\ 

fig. 2a 
Let K be some ring Z1X1C. 

Definition. 



fig.2b 



A function C : (BN — diagrams) — > K is called weight system if two axioms 
are satisfied: 

C{I) = C{H)-C(X) (2.1) 

where I, H, X, are BN-diagrams, identical everywhere except some small ball, 
where they look as in fig. 3 
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C(S) = C(T) - C(U) 
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where S, T, U are BN-diagrams, identical everywhere except some small ball, 
where they look as in fig. 4 
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fig- 4 

Definition. 

Following Vassiliev [Val], [Va2] and Birman-Lin [BL] we shall call BN- 
diagram with 2n R 2 (/-vertices and without g 3 -vertices Vassiliev [n]-diagram 
and BN-diagram with 2n-2 i? 2 <7-vertices and with one g 3 -vertex Vassiliev < 
n >-diagram . Let D be < n >-diagram. Let us define [n]-diagrams D\ + 
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, Di- as [n] diagrams, obtained from D by local procedure shown in fig. 5 




fig.5 

(The [n]-diagrams D2+ , D2- , -D3+ , £>3- are defined by changing z\ on Z2 
and Z3 respectively). 



Definition. [BL], [Val], [Va2], [Kol]. Let D s (s e N) be free K-modufe, gen- 
erated by the set of s-Wilson-loop- Vassiliev [n]-diagrams; let F s be its factor- 
module, generated by relations 

D 1+ - Di- = D 2+ - D2- (2.3) 

(D runs over < n >-diagrams). Let us denote Fq = K; F s = (B n F„ , and let us 
identify 1 e K = Fq with (the unique) s-Wilson-loop Vassiliev [0]-diagram. 

Theorem 2.1. [Kol], [Ar], [BN1] K-module F£ is isomorphic to factor of free 
module D s n generated by (n+s)-loop BN-diagrams by relations 

I = H-X (2.4) 

where I, H, X, are BN-diagrams, identical everywhere except some small ball, 
where they look as in fig. 3 and 

S = T-U (2.5) 

where S, T, U are closed diagrams, identical everywhere except some small ball, 
where they look as in fig. 4 . 

In fact F 1 can be provided by the structure of graded Hopf algebra [Kol] 
and we shall call it Kontsevich Hopf algebra. If it will not lead to confusion, 
we'll omit the superscript 1 and write F — F\. 

Kontsevich Hopf algebra F acts on F s (taking connected sum along Wilson 
loop) in s different ways commuting with each other [BN5] , thus we have graded 
action of F® s on F s . 

Let A = ® n A n be factor-algebra of Kontsevich algebra by the ideal, gener- 
ated Fx (this K-module is has rank one and is generated by the single Vassiliev 
[l]-diagram. Let us denote this diagram by t G F\ ). Since the element t is 
primitive, A is also Hopf algebra. It well-known [Kol] that the space A* n dual 
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to A n is canonically isomorphic to the space V n of Vassiliev framed knot in- 
variants of order n factored by the space V n -i- The map V n /V n -i — > A* n is 
evaluation of knot invariant on singular embeddings with n double points [Val] , 
[Va2], [BL] which gives linear function V n /V n -\ ® A n — > C . The inverse map 
/„ : A* — > — > V4/Kj_i was first constructed in [Kol] and is called "Kontse- 
vich integral" . The aim of this paper is to construct (formally another) inverse 
map J n : A* n — » which does not contain any integrals and which has simple 
combinatorial expression. 

Definition. Let X m (m e N) be graded completion of Lie algebra © ra X™ , 
with generators t^ (i<j) of degree 1 and relations 

[t ij ;t ik +t jk }=0 (2.6) 

This algebra is dual to Sulivan minimal model of "configuration space" (C m 
without diagonals) and its universal enveloping algebra UX m is prounipotent 
completion of the group algrbra or pure braid group (see [K2] and references 
therein). Kohno [Kl] used this algebra in order to write the most general form 
of Knizhnik-Zamolodchikov equation [KZ] 



| ^ Zi Zj 
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where tp is UX m -valued meromorphic function on (C m without diagonals), 
h = 2^ Relations (2.6) are imposed in order to preserve zero-curvature condition 



77~ n T,——^- n T,- — -] = ° ( 2 - 8 ) 

dzi z l - Zj dz k rrt z k- zi 

j=£i J l^k 



which allows us to construct monodromy representation of pure braid group 
in the group exp(X m )iU X m . This representation is nonlocal and its matrix 
elements are certain multiple integrals . Following Drinfel'd [Dl] let us put m=3 
and write differential equation 

*M = %(— + -^-)G(x) e UX 3 (2.9) 
dx x x — 1 

Than any solution \l/(zi, £2, £3) of KZ-equation (2.7) with m=3 has the form 
( , 1 -,3)M* 12 + W) G l£i^4 (2.10) 

(Zl - Z3) 

where G satisfies (2.9) Let G\ and G 2 be solutions of (2.9) defined when < 
x < 1 with the asymptotic behavior 

Gi(ar) «x fi * 12 (x^0) 
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and 

G 2 (x) « (x-l) ht23 (x^ 1) 

. Then 

Gi-G 2 $ fcz (2.11) 
for some $fc z G exp(A 3 )iL/A 3 and 

W 1 = VK 2 $ fez (2.12) 

where W\ and W2 are solutions of (2.7) with m=3 defined in the domain z\ > 
z 2 > z 3 with the asymptotic behavior 

W 1 ^(z 1 ~z 2 ) htl2 (z 1 ~z 3 )^ 13+t23 

for (zi - z 2 ) « (zi - z 3 ) and 

W 2 ^(z 2 -z 3 ) ht23 ( Zl -z 3 r tl3+t12 

for (z 2 - z 3 ) « (z! - z 3 ) . 

As it was proved in [Drl], [Dr2] 

= fa z (ht 12 ,M 23 ) (2.13) 

, where <frkz(A, B) is some element of graded completion of tensor algebra with 
two generators A and B; log(4>kz(A, B)) = Pk z (A,B) belongs to the graded 
completion of free Lie algebra withtwo generators A and B; and 

P kz (B,A) = -P kz (A,B) (2.14) 

Algebra UX m can be imbedded in the algebra A™ z of Feynman diagrams 
(see [BNl],[BN5])of the form depicted on fig 6 . 









7 

/ 

/ 





m upward pointed arrows 

flg.6 



7 



These diagrams are defined in the same way as usual BN-diagrams, but 
they have m upward pointed Wilson lines instead of one Wilson loop. Here t % i 
is presented by BN-diagram on fig. 7. 



1 i J m 

fig. 7 

and the diagram with 2n vertices (this number is always even) is said to 
be if degree n. The multiplication in this algebra of diagrams is just putting 
one diagram over another, ft is easy to see that above defined grading and 
multiplication in A™ z are compatible with those of U X m . 

We'll need for ous purposes to define a semi-direct product Y m of the group 
algebra CSm of symmetric group and A™ z as follows: Y is generated as a linear 
space by pairs (x, s); x is diagram from A™ z ' a e S m with multiplication 

{x 1 ,si)(x 2 ,s 2 ) = (xis(x 2 ),s 1 s 2 ) 

Here we suppose that symmetric group acts on A™ z by permutations of strings. 
Algebra Y m has an important subgroup 

G m = S m * exp(X m )iY m 

Let Si(l < i < m — 1) be the standard generators of the braid group B m (if 
it not lead to confusion, we'll denote the elementary transpositions Sj £ S m by 
the same symbols. 

Let us define representation p: B m — ► G m iY m as follows: 

ht m ~ 1 ' m 

p(s m -i) = (e 2 ;sm-i) (2.15) 



P(s i )=^ z 1 (ht i ' i + 1 ;h J2 t i+1 '')(e h ^ L ;s i ) < f> kx {ht i ' i+1 ;h ^ * <+1,a ) (2-16) 



i+2 



s=i+2 
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if 1 < i < m, — 1 

This construction of representation p is due to Drinfeld [Dr2]. It may be 
called "the universal" braid group representation since the group G m can be 
interpreted as prounipitent completion of B m [Dr2] , [K2] . 

Above constructed representation p is generalization of braid group action 
on quasitensor category [Drl],[Dr2],[Rel]. To construct representation of the 
braid group B m one has to choose some configuration of parentheses in (nonas- 
sociative) product of m symbols X\,...,x m . Then, in order to define action of 
the braid group generator Sj, we should: 

a) change the configuration of papenthescs in order to have ...(2^2^+1)... in- 
side one pair of parantheses (this gives us some transition operator Qtrans , constructed 
out of " associator" $kz according to Drinfeld's rules [Drl],[Dr2]), 

b) apply the Drinfeld's R-matrix (e^ ; Sj) ,and 

c) return back to our initial configuration of parantheses (this gives us inverse 
operator to the operator $t ra ns • 

Formulas (2.15) and (2.16) correspond to one particular choice of configu- 
ration of papentheses, namely, (xi(x 2 (...(x m -ix m ))...) but any other choice is 
possible as well and gives us equivalent representation with some transition op- 
erator Qtrans as an intertwinier. (If it don't lead to confusion, we'll denote all 
"transition operators" corresponding to transitions between different configura- 
tions of parentheses, by the same symbol $t rans ). 



3. TAKING THE TRACE 

It is well-known (see, for instance, [Bi] that any oriented s-component link 
L can be presented as a closed braid. Two braids b\ £ B m \ and b 2 £ B m 2 give 
under closure the same link iff they can be obtained from each other by finite 
sequence of Markov moves of two types: 

&1&2 » b 2 b 1 £ B m (3.1) 

b£B m ^ bs^ 1 £ B m+1 (3.2) 

Thus, any function / : (J B m — ► F s for some commutative ring K and some K- 
module F s gives rise to some link invariant iff f takes the same values on braids, 
equivalent with respect to (3.1) and (3.2). Any framed link also can be presented 
as a closed braid. The analogues of Markov moves for braids which give under 
closure the same framed link (with blackboard framing [Tu], [Pi3], [Pi4] ) can 
also be described explicitly (sec [Re2 ]). Here we give sufficient conditions for 
function / : [J m B m — ► F s to descend to some framed link invariant: 

f(bib 2 ) = f(b 2 b 1 ),(b 1 ;b 2 £B m ) (3.L4) 

f{bs^) = qf 1 f{b);b£B m (3.2A) 
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for some invertible element qi £ K (here i is number of the link component 
). In the case of knots, let us put F = ® n F n to be (graded) completion of 
Kontsevich Hopf algebra, considered as a module over graded completion of 
C[Fj_]. Here q = e~ , where t is the standard generator in F\ (see fig. 8) 




V J 

fig.8 

If we want to consider invariants of s-component links, we should take F s to 
be the C -module F s , generated by BN-diagrams with s Wilson loops . Here 
we put qi = e~ . Let us fix configuration of papenthescs in (nonassociative) 
product of 2m symbols x\, x m , y m , yi as follows : 

{{x 1 {(x 2 {...((x m - 1 (x m y m ))y m - 1 )...))y 2 ))yi) (3.3) 

Then, using this configuration of parantheses,let us define, in the spirit of for- 
mulas (2. 15), (2. 16) and remarks after them, representation p: B m — ► Q 2m iY 2m 
as restriction on B m iB 2m of representation ^ r 1 ans p^trans-B 2m — > G 2m iY 2m , 
where $ trans is transition operator between "the standard" configuration of 
parentheses on the set of 2n elements and the configuration (3.3). 

Now let us suppose that the first m Wilson lines in Y 2m are oriented "up" 
and the second m wilson lines are oriented "down". Then for any miN let us 
define map 

t : Y 2m — > {J™ =1 F s of graded linear spaces , which is defined simply by 
closure of 2m directed Wilson lines in one Wilson loop according to the rule, 
given by underlying permutation s G S m (see fig. 9 as an example) 
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fig.9 

if it will not lead to confusion, we'll not distingoish braids in B m and their 
images in Y 2m . We will also suppose number of components s to pe fixed, omit 
index m and write r : \J m B m — > F s 

Let b\ G B mi ; 62 £ B m2 be two braids, hi gives knot under closure, and let 
+m 2 -i be the braid, obtained from 61 and 62 by the procedure 
shown on fig. 10. 



b2 



bl 



ml ml 



bl * b2 



m2-l 



ml+m2-l 
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Theorem 3.1. 

r(bi * b 2 ) = r(6 2 ) * r(bi) 
, where * be the action of F on F s (on the s-th component). 
Proof, geometrically obvious from (3. 3), fig. 9 and fig. 10. 

Let q — e~ and let fi £ F be the image of Drinfeld's associator G 
exp(X 3 )\UX 3 under "the closure map" shown on fig. 11. 



associator 




fig. 11 

Remark. Above defined fi is equal to the value of generating function of Kont- 
sevich integrals on the Morse knot shown on fig. 12. 



fig.12 
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since 



+ 



fig.14 
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Let J : B m Us pS bc ec l ual to (^ m r : B m \J s F s . 
Lemma 3.3. The map J is "Markov trace" i.e., it satisfies (3.1A) and (3.2A). 
Proof. 

a) the property (3.1 A) is geometrically obvious. 

b) the property (3.2A) follows from theorem 3.1 and lemma 3.2. from which 
(3. 2 A) with q = can easily be seen. The lemma is proved. 

Let J be above defined framed link invariant. Let us consider its perturbative 
expansion: J = J2^=o h n J n 

Lemma 3.4. J n is F£ - valued Vassiliev framed link invariant of order n. Proof: 

Since for any braid b € B m if p(b) = T,n=0 x nQ>)h n iY 2m , that x n (b)iY 2m 
has degree n in Y 2m (this fact is true for the generators Sj G B m and thus, 
for any b £ B m ), then for any framed oriented link L J n (L) also has degree n. 
Thus J n (L) G F^iF s . Let L be singular imbedding of (S 1 ) 55 to R 3 with (n+1) 
double crossing points. Than it can be presented as a closure of "generalized 
braid" [Pil], [Ba] (braid where in some places generatots Sj are changed on the 
generators en , depicted on fig. 15. 




(3.4) 

flg.15 

The representation p : B m — > Y m can be extended to these "generalized 
braids" by formula 

p(di) = p(si) - p{s~ l ) (3.5) 

(and the representation p : B m — > Y 2m can be extended to "generalized braids" 
by the same formula). 

(3.5), (2.14) and (2.15) imply that 

y^rri— l,m 

p(a m _i) = 2sft, ; s m _i (3.6) 
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"» hf i > i + 1 m 

p(a i ) = cf>^(ht i > i+1 ;h t l+1 < s )(2sh^--s t )<p kz (ht^+ l -h 

s=i+2 s=i+2 

(3.7) 

if i < m — 1 

Thus p(a,i) are divisible by h in Y 2m ® C[h], which implies, that for any 
"generalized braid" b <G B m with (n+1) double crossing points p(b) is divisible 
by h n+1 . Thus J(L) is divisible by h n+1 , which means that J n (L) = for any 
singular embedding L with (n+1) double crossing points, i.e., J n is Vassiliev 
invariant of order n . Lemma is proved. 

Let V£ be the space of Vassiliev invariants of framed s-component links of 
order n. Then there is a natural map /„ : V£ — > V^/V^_ 1 — > (F£)* , defined as 
follows [Val] , [Va2] , [BL] . Let g be some Vassiliev invariant of order n and D be 
Vassiliev [n]-diagram. Then 

(J n (g);D) = (g;L(D)) (3.8) 

where L(D) be some singular embedding (S-*-) s — ► with n double crossing 
points and the underlying configuration of n points on (S-*-) s given by diagram 
D. 

Theorem 3.5. The map (J n ;...):(F%)* — > V* is left inverse to /„, and differs 
from its right inverse on Vassiliev invariant of order n-1. 

Proof. It is sufficient to prove that for any singular embedding L: (S-*-) s — ► 
R with precisely n double points 

J n (L) = D(L) (3.9) 

where D(L) is Vassiliev [n]-diagram with n propagators, joining those points 
on (S-*-) s , which are identified under L. Let us present L as a closure of some 
"generalized braid" b 6 B m . Then p{b) is product of some terms of the form 

(e^;^) (3.10) 



*trans (3-11) 

ht l ' i+1 

(2^——;^) (3.12) 

There are precisely n terms of forms of form (3.12). Since terms (3.10) and 
(3.11) have the form 

1 + hX (3.13) 

for some X G Y 2m ; p^ 1 also has the form (3.13) for some X € F ; and the 
terms (3.12) have the form 

ht i,i+i + h 2 X ( 314 ) 
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for some X € y 2m ; then the expression for the coefficient in h n in perturbative 
expansion of p(b) has only one term, which gives J„(L)=D(L) , as desired. The 
theorem is proved. 

Kontsevich Hopf algebra F has (graded) factor algebra A = F/F\F. Then 
A* n is canonically identified with the space of Vassiliev unframed knot invariants 
of order n factored through the space of invariants of order n-1. In the basis 
of Vassiliev [n]-diagrams in F n the projector P: F n — > A n can be described 
explicitly [Pi2]. 

n 

p(i>) = £(-*)" ( 3 - 15 ) 

fc=0 / 

Where t is the generator of F\\ the second sum in (3.15) is taken over all [k]- 
subdiagrams D I of D. The quantity P(J) = Y^=o hnp ( J n) ■ Knots^ F is 
the generating function for "universal" (order n)-Vassiliev knot invariants and 
has the same formal properties than the generating function I — J2"^=o h n I n of 
Kontsevich integrals [Kol]. 

Theorem 3.6. Let K\ and K 2 be two oriented framed knots; K\ * K 2 be their 
connected sum. Then J(K 1 * K 2 ) = J(K 1 )J(K 2 ). 

Proof. It follows immediately from theotem 3.1 and the definition of J . 



4. DISCUSSIONS 

At the moment there are three different expressions for the universal Vas- 
siliev knot invariant, (the quantity, which satisfies conditions of theorems 3.3 and 
3.6). The first one is constructed from perturbative expansion of monodromy of 
KZ-equation (Kontsevich integrals [Kol]), the second one is constructed from 
perturbative Chern-Simons theory [Kol], [BN3] (These integrals are highly sin- 
gular. Their convergence is rather difficult to prove). The third construction is 
presented herc(sec also [Ko5] where the similiar combinatorial construction was 
given, using knot diagram and a point on it). This construction is the best one 
for computations. 

The " universal Vassiliev invariant" in the form presented here can be evalu- 
ated purely combinatorially for any particular link L , if we know explicit expres- 
sion for an "associator" &kz = 4>kz(ht 12 > ht 23 ) e X 3 as a formal noncommutative 
power series in ht 12 and Tit 23 . The powerful algebraic techniques to find this 
expression for was developed in [Dr2].An "iterated integral" expression for 
"assosiator" was proposed in [BN6], which proves immediately equivalence of 
our approach with Kontsevich's one (see also [LM] where coincidence of co- 
efficients Psl m ,v fund ,n of one-variable reductions of HOMFLY polynomial and 
Kontsevich integrals /„, evaluated on the weight system C s ; m; v /un<J ,n £ F* is 
proved) . 

The analogous problem for "Kontsevich integrals" is much more compli- 
cated and involves calculations with hypergeomertic type integrals [TK].In our 
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approach only one such integral (for each n G N) should be calculated. The 
calculations in perturbative Chern-Simons theory are even more complicated 
and are hardly to be accomplished by direct methods. 

Above defined construction r of the universal Vassiliev invariant of link which 
can be presented as a closure of braid has a straightforvard gneralization on 
arbitrarylink diagram, and even on string link diagram [BN5]. Roughly speaking, 
t is decomposition of the generating function of Kontsevich integrals (berore 
inserting the correction factor p}~ m ) in the product of "elemrntary" factors 
corresponding to decomposition of link diagram on "elementary" pieces. 

Drinfeld's construction of representation p: B rn — > G m involving &kz = 
<t>kz(ht 12 , Tit 23 ) in its definition uses only the following properties of (j>k z - 

= ^ kz (ht 23 , ht 34 )^ kz (h(t 12 + 1 13 ), h(t 24 + * 34 ))<M^ 12 , ^ 23 ) e ex P (x 4 ) (5.1) 

= cf 312 ^^ 132 )- 1 ^* G exp(X 3 ) (5.2) 

= (d> 231 )- 1 e^<I> 213 e^ i ($)- 1 e ex P (X 3 ) (5.3) 

<f> G X 3 (5.4) 

Here $ s (s G S3) is the image of $ G UX 3 under automorphism s : — > 
fs(i)s(j) xhus, if we find any other solution of (5.1)-(5.4) we can also construct 
"the universal braid group representation" and "the universal Vassiliev knot 
invariant" J^. If we put <j) to be formal noncommutative power series with 
rational coefficients, we obtain the "universal Q-valued Vassiliev invariant (the 
quantity, which satisfies conditions of theorems 3.3 and 3.6 and the condition, 
that for any oriented s-component link L 

J*(L)iFZ QiF« ® C 

(here we use the definition of F n as an abelian group i.e., over Z). 

To understand better all these formally different "universal formulas" and 
make calculations with them one needs some unification theorem, stating, that 
all these quantities (with different <f) either coincide or are some functions of each 
other. We conjecture existence of such a theorem. 
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